We present the best possible parameters where L(a, b), M (a, b), Q(a, b) and C(a, b) are the logarithmic, Neuman-Sándor, quadratic and contraharmonic means of a and b, respectively.
Introduction
For a, b > 0 with a = b the Neuman-Sándor mean M(a, b) [1] is defined by
where sinh −1 (x) = log(x + √ x 2 + 1) is the inverse hyperbolic sine function. Recently, the Neuman-Sándor mean has been the subject intensive research. In particular, many remarkable inequalities for the Neuman-Sándor mean can be found in the literature [1, 2, 3, 4, 5, 6] .
Let 2 )/(a + b) be the harmonic, geometric, logarithmic, first Seiffert, identric, arithmetic, second Seiffert, quadratic and contraharmonic means of two distinct positive numbers a and b, respectively. Then it is well known that the inequalities
hold for all a, b > 0 with a = b.
Neuman and Sándor [1, 2] established that
were presented in [1] . Li et al. [7] proved that the double inequality 
and
/ log 2. Zhao et al. [9] found the least values α 1 , α 2 , α 3 and the greatest values β 1 , β 2 , β 3 , such that the double inequalities
In [10] the authors answer the question: What are the best possible constants α, β, λ and μ, such that the double inequalities The aim of this paper is to find the best possible parameters α 1 , α 2 , β 1 and β 2 such that the double inequalities
All numerical computations are carried out using MATHEMATICA software.
Lemmas
In order to establish our main results we need several lemmas, which we present in this section.
The following Lemma 2.1 follows immediately from the power series expansions for the inverse hyperbolic tangent, inverse hyperbolic sine functions, and the formula for the sum of the infinite geometric series.
Lemma 2.1. The inequalities
hold true for x ∈ (0, 1). 2 Lemma 2.2. The inequality
holds for x ∈ (0, 1).
where
It follows from (2.2) and (2.7) together with 
Proof. Let
h(x) = x − 1 2 + x 2 3 + 13x 4 45 (1 − x 2 ) log 1 + x 1 − x . Then 1 (1 − x 2 ) log[(1 + x)/(1 − x)] − 1 2x + x 3 + 13x 3 45 = h(x) x(1 − x 2 ) log[(1 + x)/(1 − x)] ,(2.
9)
h(0) = 0, (2.10) 
for x ∈ (0, 1). Therefore, Lemma 2.3 follows from (2.9)-(2.11) and (2.13). 2
Main Results
Theorem 3.1. The double inequality
holds for all a, b > 0 with a = b if and only if α 1 ≥ 2/5 and β 1 ≤ 0.
Proof. Since L(a, b), M(a, b) and Q(a, b)
are symmetric and homogeneous of degree one. Without loss generality, we assume that a > b.
It follows from Lemmas 2.2 and 2.3 together with (2.3) and (3.5) that
for x ∈ (0, 1). From (3.5)-(3.7) one has
Inequalities (1.1) and (3.8) in conjunction with the following statements give the asserted result.
• If α 1 < 2/5, then (3.2) and (3.3) imply that there exists
2) and (3.4) imply that there exists δ 2 ∈ (0, 1) such that
holds for all a, b > 0 with a = b if and only if α 2 ≥ 5/8 and β 2 ≤ 0.
Proof. We will follow, to some extent, lines in the proof of Theorem 3. 
It follows from Lemma 2.1 and 2.2 together with (2.3) and (3.12) that 
